This paper is concerned with the numerical treatment of pseudo-di erential equations in I R 2 , employing wavelet Galerkin methods. We construct wavelet bases adapted to a given pseudo-di erential operator in the sense that functions on di erent re nement levels are orthogonal with respect to a certain bilinear form induced by the operator.
Introduction
Lately, newly developed wavelet decompositions were employed for the numerical treatment of partial di erential equations, see e.g. 3, 4, 16, 17, 18, 23] . In general, a system of functions f i g i=1;:::;N is called a family of (mother) wavelets if the scaled and integer translated versions of f i g i=1;:::;N form an (orthonormal) basis of L 2 (IR n ). These functions can be utilized as basis functions for a Galerkin approach. Since the structure of the resulting sti ness matrix depends on the wavelets and the di erential operator, it seems natural to try to construct wavelets adapted to a given di erential operator in an appropriate way. A classical nite element approach using a nodal basis gives rise to sparse sti ness matrices, which condition numbers typically exhibit a polynomial growth rate. To avoid this problem one can, for example, use the hierarchical basis preconditioner from Yserentant 32] or the Bramble-Pasciak-Xu preconditioner 5]. Then the condition numbers only grow logarithmically or they are uniformly bounded, respectively, see Yserentant 32] or Dahmen and Kunoth 11] . Both concepts are closely related to wavelet expansions, since, in both cases, one de nes suitable projectors Q j onto the approximation spaces V j and tries to nd a basis in a complement space W j of V j in V j+1 de ned by the range of Q j+1 ? Q j .
The preconditioning methods mentioned above have the disadvantage that the stiness matrices become less sparse. Therefore, one could try to nd a wavelet basis such that, for a given problem, the sti ness matrices are sparse, simply structured and, moreover, have bounded condition numbers. The optimal shape would be a diagonal matrix. Unfortunately, this is di cult to realize by using wavelet expansions since, e.g., it is not possible to construct a generator for the approximation spaces V j whose integer translates are orthogonal with respect to the bilinear form induced by the di erential operator, see Dahlke and Weinreich 10] . Quite recently, it was shown by Amaratunga and Williams 1] that for special kinds of one-dimensional di erential operators the adapted biorthogonal wavelet basis constructed in 10] gives rise to almost perfectly diagonal sti ness matrices. Motivated by these problems we have tried to answer the following question. How can the potential advantages and the generality of re nable shift-invariant spaces be exploited in principle for the treatment of higher-dimensional partial di erential equations ? This paper illuminates one special aspect of this problem. We show that it is possible to adapt wavelets to a given di erential operator in the sense that functions on di erent re nement levels are orthogonal with respect to the bilinear form induced by the di erential operator. Then the sti ness matrix splits into blocks, implying that for the solution of the corresponding linear system there is a variety of e cient numerical algorithms which, in particular, are suitable for the implementation on parallel computers, see Ortega and Voigt 27] . In special cases, we can achieve uniformly bounded condition numbers as in 11] . Similar results were also obtained by Ja ard 18 ] for elliptic problems on open domains and by Meyer 26] for the case of vaguelettes. Apart from the applications we have in mind, the problems studied here seem to be interesting from a theoretical point of view. According to this, we have formulated our results for the more general case of pseudo-di erential operators. When dealing with wavelet Galerkin methods, the treatment of the boundary conditions is a nontrivial problem which apparently has not yet been solved in a satisfactory way. We will not give a detailed exploration of this problem here and con ne our discussion to global problems concerning shift-invariant spaces. Especially, we will restrict ourselves to pseudo-di erential operators of the subclass S m 1;0 of H ormander's class de ned by formula (3.8) below whose symbols are independent of x. We think that this restriction is justi ed by the exibility and generality of the techniques used here. However, the di culties mentioned above become less serious in the case of periodic boundary conditions on rectangles = 0; M] . We present two approaches. The rst one yields compactly supported wavelets for special operators, e.g. for di erential operators, provided the generator is compactly supported, but it is based on some restrictive assumptions on the symbol, see (3.10) and (3.11) . The second approach makes use of the concept of biorthogonal wavelets and is more general. However, it does not guarantee compact support in all cases. This paper is organized as follows: In Section 2 we brie y recall the construction of (orthogonal and biorthogonal) wavelet bases. In particular, we state an existence theorem on biorthogonal wavelets appropriate to the investigations in the following sections. In Section 3 we present our rst approach and in Section 4 the biorthogonal approach. For the special case of the Laplace operator, similar things have been done before by Battle 2] , (the so-called "massless Sobolev ondelettes",) by applying a quite di erent method. Instead of using a multiresolution analysis and biorthogonal wavelet bases, he constructs his wavelets by solving a suitable minimization problem.
Wavelets
Wavelet bases are discrete families of functions obtained by dilations and integer translations of a nite number of mother functions ("mother wavelets"). The best known are dyadic orthonormal bases of L 2 (IR n ), i.e. j;e;k ( ) := 2 ?jn=2 e (2 ?j ?k); j 2 ZZ; k 2 ZZ n ; e 2 Enf0g (2.1) where as stated above E denotes the set of vertices in the unit cube 0; 1] n in IR n . (In the following, we will use the abbreviation E := Enf0g). A possible alternative which was quite recently developed is to replace the diagonal scaling by powers of two by some expanding integer scaling matrix, see Cohen and Daubechies 8] . The most important tool for the construction of such a basis is the multiresolution approximation of functions introduced by Mallat 24] , see also Meyer 25] . It is de ned as follows. (2.3) f( ) 2 V j () f(2 ) 2 V j+1 ; (2.4) f( ) 2 V 0 () f( ? k) 2 V 0 ; k 2 ZZ n : (2.5) There exists a function whose integer translates form a Riesz basis of V 0 , (2.6) this means that V 0 is the closed linear span of ( ? k); k 2 ZZ n ; and there exist constants c 1 ,c 2 This means, one only demands orthogonality of di erent re nement levels. This concept has the following advantage. If one starts with a compactly supported generator, then the pre-wavelets can be choosen that they are also compactly supported. This is in general not true for strictly orthonormal wavelets. Meyer 25] . In the following, we will not distinguish between wavelets and pre-wavelets.
In this paper, we go again one step further. We construct wavelets such that the space W 0 is indeed a complement, but not necessarily the orthogonal complement of V 0 in V 1 . The "angle" between V 0 and W 0 in our case is determined by the bilinear form induced by certain pseudo-di erential operators. We still require stability in the sense of (2.14) and completeness in the sense of (2.12). (2.24) Moreover, assume that there exist symbols c e (z); d e (z); e 2 E ; fc e k g k2ZZ 2; fd e k g k2ZZ 2 Then the functions f e g e2E ; f~ ẽ gẽ 2E de ned bŷ e ( ) = c e (z) 4^ ( 2 ) ;^ e ( ) = d e (z) 4^~ ( 2 ) ; (2.26) are biorthogonal in the sense that h j;e;k ;~ j ;ẽk i = jj eẽ kk : where we used (2.35), the dominated convergence theorem and (2.24). It remains to show (2.29). It is easy to see that (2.28) and (2.36) imply that f j;e;k g j2ZZ;e2E ;k2ZZ 2 constitute a frame, this means that there exist constants c 12 > 0; c 13 3 The direct approach
After the preliminaries in the preceeding section we are now ready to construct wavelets adapted to a given pseudo-di erential operator in two dimensions. Let us rst brie y recall the de nition of pseudo-di erential operators. To do this consider the Fourier inversion formula
Di erentiating this expression and employing the notation D j = (
Instead of the polynomial p(x; ) one can take a function (x; ) belonging to a more general class of functions. Then the operator L de ned by
is called a pseudo-di erential operator with symbol (x; ). (For details we refer to the standard literature concerning pseudo-di erential operators, e.g. Taylor 30] .) Since we are dealing with shift-invariant spaces we will henceforth assume that the symbol is independent of x.
We are interested in the numerical solution of pseudo-di erential equations of the type Lu = f (3.5) on a su ciently smooth domain IR 2 . We treat this equation by means of a Galerkin approach. For this we employ the spaces V j of a multiresolution analysis as approximation spaces. Therefore the weak formulation of (3.5) is to nd u 2 V j such that hLu; v k i = hf; v k i ; (3.6) where fv k g k2ZZ 2 is a basis of V j . (In practice, one only deals with a nite collection of functions according to the domain on which (3.5) is de ned.) The structure of the resulting sti ness matrix clearly depends on the pseudo-di erential operator L and the basis of V j . If we choose the basis in a way that the basis functions corresponding to di erent re nement levels are orthogonal with respect to the bilinear form induced by L, the matrix has block diagonal form. where is a xed distribution according to the Petrov-Galerkin scheme. Following Dahmen, Pr o dorf and Schneider we will henceforth assume that satis es (3.8).
For the construction of our wavelet-basis, it is furthermore necessary to claim the validity of the following estimation that relates the symbol with the generator . Furthermore is a necessary and su cient condition for (ii) to hold. (One can check that all the operations performed above are justi ed by our decay and integrability conditions.) Therefore, to construct the wavelet basis, we have to solve the equation (3.16). Then, for the obtained solutions we have to check that the corresponding wavelets satisfy the conditions (i) and (iii).
To solve (3.16) let us introduce a function : E ! E, which is required to satisfy the conditions (0) = 0 and (3.17)
( (e 1 ) + (e 2 ))(e 1 + e 2 ) is odd, when e 1 6 = e 2 : Remark 3. The system ( ; f e g e2E ) has l 2 -stable integer translates. Assuming for the moment that (3.30) holds, the statement (3.29) can be proved as follows. Exploiting the l 2 -stability of and f e g e2E as well as the condition (3.30), part (ii) and the fact that assuming ( ) to be real implies that L is self-adjoint, we obtain for nite sequences f e g e2E 2 Theorem 3.1 enables us to construct the whole adapted wavelet basis. This construction illuminates a new aspect appearing in our setting. In contrary to wavelets orthonormal with respect to the usual L 2 -inner product one can not work with a xed wavelet basis. To get full orthogonality, one has to solve a new equation on each re nement level. This implies that the conditions (3.10) and (3.11) have to be also satis ed for scaled versions of the symbol. Corollary 3.6 Suppose that (3.10) and (3.11) hold for all symbols j ( ) = (2 j ): (3.31)
Let f j e g e2E be the wavelet basis constructed by Theorem 3.1 with respect to j .
Then the system f ( ? k); j e (2 j ?l)g j2IN 0 ;k;l2ZZ 2 e2E ; (3.32) provides a whole adapted wavelet basis in the sense that functions on di erent scales are orthogonal with respect to the bilinear form induced by the pseudo-di erential operator L. Corollary 3.6 follows immediately from Theorem 3.1 by a change of variables. Since we do not claim to obtain a global Riesz basis in the sense of (2.29), the constants c 1 and c 2 may depend on j. The result presented above can, for example, be applied to the Helmholtz-equation Therefore, to construct a wavelet basis adapted to the Laplace operator, we have to discard the singularity at 0. A quite natural way to do this is using a biorthogonal wavelet approach, which will be described in Section 4.
Remark 3.7 The results presented above can be generalized to problems in three dimensions. ( Altough everything becomes more complicated from the technical point of view.) But our approach can not be extended to more then three dimensions. The crucial point is the function . As remarked by Riemenschneider and Shen 28] , such a function only exists for dimension 1, 2 and 3.
Example 3.8 As stated above, our results can be applied to the Helmholtz-equation The applicability of the construction in the last chapter is restricted by the condition (3.10). To overcome this di culty, we want to employ a biorthogonal approach. In the biorthogonal setting, W 0 is a complement of V 0 in V 1 , but (in general ) not an orthogonal complement. Therefore, we try to nd a biorthogonal wavelet basis such that the "angle" between W 0 and V 0 is determined by the bilinear form induced by a pseudo-di erential operator. Using a biorthogonal approach, we do not have to worry about exact reconstruction, since this is always true on account of Theorem 2.2, see also Dahmen and Micchelli 12] for details. But, in contrast to the wavelets constructed in Chapter 3, our biorthogonal wavelet basis in general will not have compact support, even if the operator is of simple structure. Let us start with the following lemma. The general case can be studied in almost the same way. Employing the relation I(z) = e ic I(z) ; (4.16) we see that some entries in the matrix A(z) change sign, but the symmetry of A(z) remains essentially the same. A direct check shows that According to these formulas, Theorem 4.2 can be interpreted as a natural generalization of the result presented in 10]. In special cases, the one-dimensional construction in 10] gives rise to compactly supported wavelets. In general, they have at least exponential decay. This is not necessarily true for the two-dimensional construction presented here, since in higher dimensions the symbols do not split into linear factors with respect to their roots. The decay of the wavelets depends on the decay of the symbol b(z) and therefore on the smoothness of the expression in (4.6). where k k k;2 denotes the Sobolev norm for the space W k;2 ( ): Let us suppose that the symbol of the di erential operator is of the form (4.23). This case has the advantage that we do not have to change the symbol when going to a higher re nement level ( see (4.19) ), so that we can work with a " xed" biorthogonal wavelet basis. Under the above assumptions, it turns out that the condition numbers of the corresponding sti ness matrices are uniformly bounded. In special cases, this can be proved directly by using the orthogonality ( for example, by following the lines of the calculations in 10, Section 7]). But we also can apply the more general results concerning multilevel preconditioning presented by Dahmen and Kunoth 11] . A special case of their investigations is the following.
Let 2 C k 0 be re nable and l 2 -stable, V j = spanf (2 j ?k); k 2 ZZ n g. Furthermore, let fQ j g j2IN 0 be a sequence of projectors onto V j which is uniformly bounded, i.e. kQ j k C 8j 2 IN 0 : (4.35) Then there exist constants K 1 ; K 2 such that
